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Abstract
Multicellular tissues are the building blocks of many biological systems and or-
gans. These tissues are not static, but dynamically change over time. Even if the
overall structure remains the same there is a turnover of cells within the tissue.
This dynamic homeostasis is maintained by numerous governing mechanisms
which are finely tuned in such a way that the tissue remains in a homeostatic
state, even across large timescales. Some of these governing mechanisms include
cell motion, and cell fate selection through inter cellular signalling. However,
it is not yet clear how to link these two processes, or how they may affect one
another across the tissue. In this paper, we present a multicellular, multiscale
model, which brings together the two phenomena of cell motility, and inter cel-
lular signalling, to describe cell fate selection on a dynamic tissue. We find that
the affinity for cellular signalling to occur greatly influences a cells ability to dif-
ferentiate. We also find that our results support claims that cell differentiation is
a finely tuned process within dynamic tissues at homeostasis, with excessive cell
turnover rates leading to unhealthy (undifferentiated and unpatterned) tissues.
Keywords: Multicellular modelling, Multiscale modelling, Cell fate selection
1. Introduction
Organs are comprised of dynamic multicellular tissues, with many healthy
tissues existing in a state of dynamics homeostasis. This balance is achieved
through multiple interacting governing mechanisms. One tissue where this bal-
ance is crucial is the intestinal epithelium, which protects the intestine and colon
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against digestive by-products, and also aids in the absorption of water and nu-
trients [1]. The intestinal epithelium is one of the fastest self renewing tissues
in the human body, and this renewal is controlled within millions of test-tube-
like structures which line the intestinal walls, known as the crypts of Lieberkhn
[16]. At the base of each crypt, resides a stem cell population, which is directly
responsible for the replenishment of the epithelial cells through mitosis. After
dividing, cells migrate up the walls of the crypt, differentiating as they go, where
upon reaching the top of the crypt they form the epithelial lining of the intestine
and are removed by sloughing to prevent overcrowding. In humans, this renewal
process usually takes 6–7 days [16]. Therefore, healthy crypt homeostasis is con-
trolled by the fine balance of cell proliferation, migration, differentiation, and
apoptosis [16].
As cells migrate up the crypt, cell differentiation and cell fate selection is
controlled by another finely tuned mechanism, known as Delta-Notch signalling,
which occurs between neighbouring cells [4]. The key mechanisms controlling
Delta-Notch signalling are the Notch receptors and Delta ligands, both of which
are transmembrane proteins. The pathway is activated when Delta ligands
on one cell bind to Notch receptors of a neighbouring cell. As a response,
intracellular reactions are triggered on the said neighbouring cell, which in turn
allows target gene expression, and thus leads to cell differentiation [2].
Mutations of cells within the crypts (particularly the stem cells) may trigger
the development of colorectal cancer [10, 15]. For this reason, an understanding
as to how crypt dynamics are maintained at homeostasis, and what may lead
to malignancies is highly desirable. Mathematical and computational models
provide an ideal framework to study these dynamical tissues. Previous mod-
elling work has provided insight into how Delta-Notch signalling occurs within
dynamic tissues. One early model of Delta-Notch signalling was proposed by
Collier et al. [4], where a tissues of static cells interact with their nearest neigh-
bours through lateral inhibition. The authors found that their model reproduced
Notch patterning, analogous to those found in living systems. In 2011 Buske
et al. [3] coupled a logic based Delta-Notch signalling with an over-lapping
spheres model of cell dynamics with position dependent proliferation. Using
their model, the authors were able to reproduce the correct ratios of cell types
present at steady state. The model can also describe and predict dynamic
behaviour of the epithelium at both steady state, and also following the intro-
duction of mutant cells. The authors also showed that the intestinal epithelium
is capable of complete recovery following eliminations of each subpopulations of
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cell within the crypt epithelium. The Collier et al. model for Delta Notch has
been coupled with numerous multicellular models. Osborne et al. [14] present a
comparison of coupling the signaling model with five biomechanical models and
show that as long as the use of biomechanical model is appropriate (i.e there are
no model artefacts), then the biomechanical models are equivalent. The Collier
et al. model was extended to include other aspects of signalling in the Crypt in
Kay et al. [9]. In the paper the authors analyse this mode on pairs of connected
cells and show that the Delta Notch patterning can influence cell differentiation.
Furthermore, it is know that during development, cell morphology changes,
and therefore the contact geometry between neighbouring cells changes too.
Since Notch signalling is mediated via transmembrane proteins, these morpho-
logical changes could influence cellular communication. To investigate, Shaya
et al. developed a model of Notch signalling which is dependent upon the con-
tact area between neighbouring cells [17]. They found that contact area biases
cellular differentiation, where smaller cells are more likely to differentiate into
the primary cell fate.
It is clear that understanding the interplay between cell fate signalling and
cell dynamics is crucial in furthering our knowledge of tissue and organ develop-
ment and function. To the authors knowledge no previous study has investigated
how properties of the inter-cellular signalling, and cell turnover, influences cell
differentiation and fate selection. In this paper we present a multiscale multi-
cellular model which couples cell dynamics with Delta-Notch signalling and cell
fate selection.
The remainder of this paper is structured as follows, we begin by presenting
our multicellular multiscale model of cell fate selection in a dynamic tissue in
Section 2. In Section 3, we first present an investigation into how subcellular
dynamics and tissue geometry influences pattern formation on static tissues,
before demonstrating the influence of cell turnover on patterning. Finally in
Section 4, we discuss our results and relate them back to biological dynamical
tissues like the colorectal crypt.
2. Model
Here, we model the tissue as a collection of discrete, interacting, individual
cells, more commonly referred to as a multicellular model. In a multicellu-
lar model, cells are represented as a single point (or a collection of points) in
space, and allows details at the cellular level and tissue level to be included [14].
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Specifically, they allow the inclusion of cell population turnover and cellular sig-
nalling, which occur at differing timescales.Below, we discuss the multicellular,
multiscale model we use to couple these processes, in order to analyse cell fate
selection within a dynamic tissue.
2.1. Biomechanical Model
To describe cell dynamics, we use a lattice-free, cell-centred model [12]. The
net force on a given cell i, FNeti , is found by balancing the force due to neigh-
bouring cell interactions, FInteractionsi , and the viscous forces on the cell, F
Viscous
i ,
as proposed by Meineke et al. [12]:
FNeti = F
Interactions
i + F
Viscous
i , ∀i. (1)
Due to the highly viscous environment that cells occupy, we assume that cell
motion is over-damped [5], and therefore viscous forces dominate allowing us to
neglect inertial terms and all motion is determined by a force balance, FNeti = 0.
2.1.1. Equations of Motion
We follow Meineke et al. [12] and model the force due to neighbouring cell
interactions using a linear Hooke’s law acting at cell-centres to describe attrac-
tion and repulsion between neighbouring cells. We also assume viscous forces
acting on the cell oppose the direction of motion. This leads to the equations
of motions, for cell i, at position ri:
ν
dri
dt
=
∑
j∈Mi
kspij (|rij | − sij) rˆij , ∀i, (2)
where rij = rj − ri is the displacement between cells i and j, ν is the drag
coefficient applied to all cell centres, Mi the neighbouring cells of cell i, k
sp
ij the
spring constant between cells i and j (here taken to be constant so kspij = k
sp),
and sij = sij(t) is the length separation between cells i and j, which has the
form:
sij(t) =
ε+ τi(1− ε), τi ≤ 1,1, otherwise, (3)
with ε > 0 being the initial separation between daughter cells, and τi ≥ 0 the
age of cell i at time t. All parameters are given in Table 1. Note all distances
are measured in cell diameters (cd) which we take to be the average size of a
crypt epithelial cell 10µm [5].
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2.1.2. Cell Population Turnover
Our aim is to get a cell turnover rate of γ divisions (and deaths) per hour per
cell. In order to do this we model each cell to have its own cell cycle duration,
T , which is sampled from a Uniform distribution1:
T ∼ U
(
3
4γ
,
5
4γ
)
, (4)
where γ is the target cell turnover rate. When a cell reaches its cell cycle dura-
tion, it is labelled the parent cell, with position rp, and subsequently proliferates
into two daughter cells, with positions ri and rj , displaced at a separation ε > 0
apart, along a randomly directed unit normal nˆ:
ri = r
p +
ε
2
nˆ, rj = r
p − ε
2
nˆ. (5)
To represent a turnover of cells, and to maintain a fixed number of cells in the
tissue, whenever a cell divides we randomly select a cell to be removed in the
same timestep.
2.2. Biochemical Model
The model of intracellular signalling we employ was initially described by
Collier et al. [4]. Collier et al. consider a simplified model of a cell, focusing on
the Delta-Notch pathway, where inhibited cells have a reduced ability to inhibit
other cells. The key mechanisms of the Delta-Notch pathway are the Notch
receptors and Delta ligands, both of which are transmembrane proteins. The
pathway is activated when Delta ligands on one cell bind to Notch receptors of
neighbouring cells. As a response, intracellular reactions are triggered, which
in turn allows target gene expression, and thus leads to cell differentiation [2].
The biochemical model assumptions are summarised by the following:
1. Only cells in direct contact may interact via Delta-Notch signalling.
2. The rate of Notch production is an increasing function of the amount of
Delta present in neighbouring cells.
3. The rate of Delta production is a decreasing function of the amount of
Notch within the same cell.
4. The rate of both Notch and Delta decay obey exponential laws, with rates
µ and ρ respectively.
1similar results can be obtained by sampling from a Gamma distribution of T ∼ Γ (48, 48γ).
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5. A cell’s fate is determined by the amount of Notch within the cell.
These model assumptions give rise to the following (non-dimensional) mathe-
matical model, for cell i, with Notch level Ni and Delta level Di:
dNi
dt
= µ
D¯ki
a+ D¯ki
− µNi, ∀i, (6)
dDi
dt
= ρ
1
1 + bNhi
− ρDi, ∀i. (7)
where a is the Notch affinity constant (which dictates how readily Delta ligands
bind to Notch receptors), and b the Delta affinity constant (which dictates how
readily Delta ligands are produced), and k and h the exponent for Notch and
Delta synthesis respectfully. Lastly, D¯i is the mean level of Delta within neigh-
bouring cells (of cell i). On cell division the level of Delta and Notch in the
daughter cells are assigned to be the same as the parent cell.
2.3. Tissue Geometry and Initial Conditions
We constrain the tissue to lie in a domain of size Lx×Ly, where Lx, Ly ∈ R,
with horizontally and vertically periodic boundaries (a toroidal domain). Due
to the honeycomb structure of centre based cells in equilibrium it is more in-
formative to describe the tissue size by referring to the number of horizontally
and vertically stacked cells, Cx × Cy, where Cx, Cy ∈ N. The relation between
the number of cells horizontally stacked (Cx), and the horizontal length (Lx) is
Lx = Cx. However, because we initialise the tissue on a honeycomb, hexagonal
lattice, which is the equilibrium state for our biomechanical model [18], the rela-
tion between the number of cells vertically stacked (Cy), and the vertical length
(Ly) is Ly =
√
3
2 Cy. We treat each cell as a distinct agent, which interacts with
it’s neighbouring cells. These neighbouring cells are determined by a Delaunay
Triangulation between cell centres. The shape of each cell is given by a Voronoi
tessellation, which is the natural dual of the Delaunay Triangulation. Figure 1
shows a typical tissue geometry with Lx = 6cd and Ly = 3
√
3cd (Cx = Cy = 6).
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Figure 1: A typical tissue geometry. The black dots show cell centres. The dashed lines
show the neighbouring cells defined via a Delaunay Triangulation, with black dashes showing
immediate neighbouring cells and red dashes describing neighbours due to periodicity. The
solid blue lines describe the cell shapes, given by a Voronoi tesselation.
Unless stated otherwise, the initial conditions we use for the biochemical
model are uniform homogeneous. That is, for cell i, the initial levels of Notch
and Delta within the cell are:
Ni(0) = N
0, Di(0) = D
0, ∀i, (8)
where 0 ≤ N0 ≤ 1 and 0 ≤ D0 ≤ 1.
3. Results
We first consider the behaviour of a static tissue (i.e. cells have no turnover
rate). Therefore, cells remain stationary and only interact with a fixed set of
six neighbouring cells. In Section 3.3 we relax this assumption and allow cells
to proliferate, undergo apoptosis and move.
3.1. Tissue Geometry and Biochemical Initial Conditions Support Patterning
In their 1996 paper [4], Collier et al. explained that a default patterning of
one primary cell (low Notch level) for every two secondary cells (high Notch
level) is the dominant ordering of cells at steady state, as shown in Figure 2c.
This ordering is such that the neighbouring set of each primary cell is exactly
six secondary cells (see Figure 2k), while the neighbouring set of each secondary
cell consists of three primary and three secondary cells in an alternating fashion
(see Figure 2l).
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Figure 2: In silico experiments with parameter values a = 0.1, b = 100, µ = ρ = 10,
k = h = 2, γ → ∞, ν = 1 and ksp = 50. a, c, e, g and i show the steady state Notch
patterning for differing initial conditions of Notch. b, d, f, h and j show the associated time
series solutions of intracellular Notch. Note d includes inset of early time solutions to show
initial heterogeneity. Videos of these simulations can be found in SI Movie 1 – SI Movie 5. k
shows a primary cell, and l shows a secondary cell in a default patterning.
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However, we see that the initial conditions of Delta and Notch influence the
final pattern formed within the tissue (i.e. when the tissue is at steady state).
Specifically, for homogeneous initial conditions of Delta and Notch, homogeneity
is maintained as per Figure 2a. Time series solution are prtesented in Figure 2b,
which shows that the intracellular Notch levels across the tissue adjust to a
homogeneous level (see SI Movie 1 for a video of the simulation). However, if
even a single cell is initialised away from this homogeneous value (tested down to
variations of 10−16) then the default Notch patterning was obtained, see Figure
2c. Moreover, looking at the time series solutions for the default patterned
tissue (Figure 2d), we can see that the patterning propagates from the initially
seeded cell (see SI Movie 2 for a video of the simulation).
It should be noted, that the system is quite sensitive to initial conditions of
Delta and Notch. This can be seen by running two simulations from different
initial random initial conditions, Figures 2e (2f, see SI Movie 3 for a video of the
simulation)) and 2g (2h, (see SI Movie 4 for a video of the simulation)). The
particular random conditions used in Figure 2e are able to achieve the default
Notch patterning, and we see from the time series solution Figure 2f that the
tissue is able to reorient itself and establish distinct patterning. However, those
random initial conditions used within Figure 2g are suitable, resulting instead
in a partly patterned tissue, containing unresolved errors, as we see from the
time series solution Figure 2h, the tissue does attempt to achieve the default
patterned state, but distinct (stable) errors occur (see SI Movie 5 for a video of
the simulation).
Patterning initiates from irregularities within the Delta and Notch levels of
cells, this irregularity then propagates radially. If we were to consider infinite
tissue structures, then the default patterning shown in Figure 2c would emerge,
referred to as a period 3 pattern [4]. However, when considering periodic bound-
ary conditions, which is often the case in in silico experiments [13, 7], combined
with the understanding of how irregularities propagate, we find that the pat-
terning present in Figure 2c is not always possible. We see from simulations
on different tissue geometries starting with a single seeded cell (the most stable
initial condition for patterning) that patterning is not possible on domains of
arbitrary size. For example, Figure 2i shows the pattern generated on a tissue
of 10× 8 cells (Cx = 10 and Cy = 8), which show errors in the patterning. The
time series solutions, Figure 2j shows that initially, the patterning propagates
from the initial irregularity. However, as this propagation meets up with itself,
a discrepancy occurs which results in the error shown down the middle of the
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tissue.
To determine the suitable geometry size, Cx and Cy, such that the tissue
supports a default pattern, we first observe that the patterning is a period 3
pattern, meaning that if we start at a given cell, and we move away from it in
a straight line, then as we move, we would notice that the pattern repeats itself
every 3 cells. Due to the packing of hexagonal lattices with periodic boundary
conditions, we require that the number of vertical cells be Cy = 2n, where
n ∈ N. We note that there are three axes of symmetry on hexagonal lattices:
the horizontal axis, another at 60o to the horizontal, and another at 120o to the
horizontal. Due to the periodicity of the tissue, we now define what is called a
torus knot [11], but on a lattice: if we start at a given location, and move along
one of the axes of symmetry, we will always end up back where we started. For
the tissue to support patterning, we require that the length of all torus knots
along each of the 3 axes of symmetry be divisible by three. The easiest and most
obvious torus knot is horizontal and is shown in Figure 3a, which for a general
tissue has size Cx× 2n. Requiring that the length of this knot be divisible by 3,
means we must have Cx = 3m, where m ∈ N, resulting in tissue sizes of 3m×2n.
However, it is not immediately obvious that the length of the non-trivial knots,
shown by Figures 3b and 3c, are also divisible by 3. The length of these knots
can be written as:
knot length =
size of tissue
number of disjoint knots
. (9)
For a tissue of 3m × 2n cells, the size of the tissue is simply 6mn. To find the
number of disjoint knots, we first observe that for every 2n steps we traverse
diagonally, we advance n rows horizontally, due to periodicity. Therefore, the
number of disjoint knots which can be supported on a tissue of size 3m× 2n is
going to be given by:
number of disjoint knots = gcd (3m,n) , (10)
which gives the length of the knots as:
knot length =
6mn
gcd (3m,n)
, (11)
which is always divisible by 3.
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(a) (b) (c)
Figure 3: Examples of knots on a 6 × 6 size tissue. a shows an example of a trivial knot. b
shows an example of a non-trivial knot. c shows another example of a non-trivial knot.
Therefore, we can say that only tissues of sizes 3m×2n cells, where m,n ∈ N
will support a default Notch pattern shown in Figure 2c. Tissues of other sizes
cannot support a default patterning, but rather a partly patterned tissue with
errors, analogues to that shown by Figure 2g. The simulations presented in
Figures 2c and 2i (along with other geometries, not shown for brevity) confirm
this.
3.2. Affinity Constants a, b Control Cell Patterning
In previous work, Collier et al. stated that the affinity constants of both
Notch and Delta control the existence of cell fate patterning, but did not state
how. By further analysing the multicellular system, we are able to describe the
effects that the affinity constants have on the existence of cell fate patterning,
specifically we can say which parameter values allow patterning. By considering
a static tissue which exhibits a default patterned state, such as that of Figure
2c, we observe that there are at most two different cell configurations, up to
rotation. The first is that of the primary fate cell, shown in Figure 2k, and the
second is the secondary fate cell, shown in Figure 2l. We therefore can write
down the governing Notch and Delta equations of a primary fate cell in terms
of Np and Dp, and similarly those for a secondary fate cell in terms of Ns and
Ds as follows:
dNp
dt
= µ
(
D¯kp
a+ D¯kp
−Np
)
,
dNs
dt
=µ
(
D¯ks
a+ D¯ks
−Ns
)
,
dDp
dt
= ρ
(
1
1 + bNhp
−Dp
)
,
dDs
dt
=ρ
(
1
1 + bNhs
−Ds
)
.
(12)
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We then make the observation from Figure 2k that the neighbours of all primary
cells, consist of six secondary cells, to then write D¯p as the following:
D¯p =
1
6
∑
j∈Mp
Dj =
1
6
(6Ds) = Ds. (13)
Similarly, the neighbours of all secondary cells consists of three primary and
three secondary cells, arranged in an alternating fashion, to then write D¯s as
the following:
D¯s =
1
6
∑
j∈Ms
Dj =
1
6
(3Dp + 3Ds) =
1
2
(Dp +Ds) . (14)
Substituting Equations (13) and (14), into Equation (12), leads to the simplified
system:
dNp
dt
= µ
(
Ds
k
a+Ds
k
−Np
)
,
dNs
dt
= µ
( [
1
2 (Dp +Ds)
]k
a+
[
1
2 (Dp +Ds)
]k −Ns
)
,
dDp
dt
= ρ
(
1
1 + bNp
h
−Dp
)
,
dDs
dt
= ρ
(
1
1 + bNs
h
−Ds
)
.
(15)
Using the above set of equations, we were able to efficiently numerically deter-
mine how the affinity values affect the existence of cell fate patterning. Steady
states for Equation (15) are shown, for varying affinity parameters, in Figures
4a and 4b .
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Figure 4: a and b shows the steady state Notch levels of the primary cells (blue), secondary
cells (red) and the homogeneous level (black). Solid lines show the stable equilibrium and
dashed lines show the unstable equilibrium, not numerically observed. a shows the Notch
levels with varying affinity rate a, and b shows the Notch level with varying affinity rate
b. c shows the relationship between the critical values acrit and bcrit and the region within
parameter space where patterning is permitted. The red solid line is results obtained from the
simplified equations, and the blue markers are results obtained from multicellular simulations.
Parameter values of k = h = 2 and µ = ρ = 1.
We define the critical values acrit and bcrit to be the bifurcation points in a
and b respectfully where Notch patterning ceases to exist. For example, consid-
ering Figure 4a, for a fixed Delta affinity of b = 100, the critical Notch affinity is
acrit ≈ 1.7538 and considering Figure 4b, for a fixed Notch affinity of a = 0.01,
the critical Delta affinity is bcrit ≈ 22.4304. The relationship between acrit and
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bcrit can be found by solving the simplified system, given in Equation (15), in-
voking the steady state condition, and equating Np = Ns and Ds = Dp. The
result is a polynomial in both the critical values acrit and bcrit, which can then
be solved numerically. The relationship is shown in Figure 4c by the red solid
line. The same relationship may also be found by solving the full multicellular
system to steady state, and performing a parameter sweep to identify both acrit
and bcrit, also shown in Figure 4c with blue markers.
From the results shown in Figure 4 and the above discussion, we can therefore
say that the affinity constants, a, which controls how readily Delta ligands
bind to Notch receptors, and b, which controls how readily Delta is produced,
completely govern the existence of Notch patterning on appropriate domains (i.e.
domains where patterning is possible). When Delta-Notch binding events do not
readily occur, or Delta is not easily expressed, then cells cannot differentiate.
3.3. Excessive Cell Turnover Inhibits Patterning
We now consider how a finite cell turnover rate, γ, affects the patterning
(and therefore differentiation) of the tissue in a dynamic steady state. We fix
the biomechanical and biochemical parameter values of the model to those of
Table 1. Note that the affinity parameters are chosen to allow patterning.
Parameter Description Value
µ Rate of notch degradation 10
ρ Rate of delta degradation 10
a Notch affinity 0.01
b Delta affinity 100
k Notch synthesis exponent 2
h Delta synthesis exponent 2
ν Drag coefficient 1
kspij Spring strength 50
ε initial cell separation 0.001
Ip Notch primary cell threshold 0.1
Is Notch secondary cell threshold 0.6
Table 1: Biomechanical, biochemical and patterning proportion parameter values.
To quantify the patterning throughout the tissue, we specify a Notch thresh-
old for differentiated cells, Ip, for primary cells and Is for secondary cells, with
Ip < Is. We then categorise each of the cells within the tissue as either primary
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(Ni ≤ Ip), secondary (Ni ≥ Is), or undifferentiated (Ip < Ni < Is). These
threshold values can be determined by solving Equation (15) to steady state for
a specified set of parameters (see Table 1). One then chooses Ip and Is suitably.
For example, considering the biochemical parameter values of a = 0.01, b = 100,
k = h = 2, then the steady state Notch values for primary cells is Np ≈ 0.0113,
and for secondary cells is Ns ≈ 0.9614. We therefore choose the threshold values
of Ip = 0.1 and Is = 0.6 for primary and secondary cells respectively.
The proportion of the tissue which is in a patterned (differentiated) state,
Ω(t), is then given by the total number of differentiated cells, divided by the
total number of cells within the tissue at time t. However, due to the dynamic
nature of the system, we further consider a moving average of the instantaneous
pattering, Ω(t), as:
Ω¯ (t; δ) =
1
δ
∫ t
t−δ
Ω(τ)dτ. (16)
Where 0 < δ < t is the length of the interval we sample. Figure 5 shows
an example of two tissues evolving over time with different cell turnover rates
of γ = 0.1 and γ = 1 respectively. Figure 5e shows the instantaneous (blue)
and average (red) proportion of patterning throughout the tissue. We observe
that the cell turnover rate, γ influences the proportion of patterning within
the tissue. Specifically larger levels of cell turnover result in less patterning
(differentiation).
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γ
=
0.
1
(a) t = 0hrs (b) t = 40hrs (c) t = 80hrs (d) t = 120hrs
Ω
Patterning of Tissue with Time
time (hrs)
(e)
γ
=
1
(f) t = 0hrs (g) t = 40hrs (h) t = 80hrs (i) t = 120hrs
Figure 5: Figures a - d show a typical in silico experiment of a toroidal tissue, with a
cell turnover rate of γ = 0.1 divisions per hour per cell (see SI Movie 6 for a video of the
simulation). Figures f - i show a typical in silico experiment of a toroidal tissue, with a cell
turnover rate of γ = 1 division per hour per cell (see SI Movie 7 for a video of the simulation).
Figure e shows the corresponding evolution of the patterning for both γ = 0.1 (top) and
γ = 1 (bottom), on a tissue size of Lx = 12cd and Ly = 6
√
3cd.. The blue lines show the
instantaneous patterning, while the red shows the moving average.
To Further investigate the influence of the cell turnover rate on tissue pat-
terning, we performed multiple in silico experiments, with varying cell turnover
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rates of γ ∈ [10−3, 10 1], results are shown in Figure 6, on a tissue size of
Lx = 12cd and Ly = 6
√
3cd. As the cell turnover rate, γ, is increased the
Delta-Notch patterning is inhibited and cell differentiation suffers as a result.
This is because as γ increases, the neighbouring cells any given cell interacts with
changes more rapidly, preventing the cell from achieving chemical equilibrium,
which results in undifferentiated cells and hence inhibited Notch patterning.
Specifically, as we increase the cell turnover rate from γ = 10−3, to γ = 0.1,
the tissue remains in a patterned state. Increasing the cell turnover rate from
γ = 0.1 to γ = 2, the tissue transitions from being in a patterned state to a ho-
mogeneous state, exhibiting no distinct cell fates. Further increases in γ simply
results in the homogeneous state.
Effects of Cell Turnover Rate on Patterning
10-3 10-2 10-1 100 101
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Figure 6: Effects of cell turnover rate on patterning on a toroidal tissue, on a tissue size
Lx = 12cd and Ly = 6
√
3cd. Red markers show mean patterning, averaged over 20 in silico
experiments. Blue error bars represent the 95% confidence interval.
4. Discussion
Throughout this paper, we have presented a mathematical model for cell fate
selection on a dynamic tissue. We couple the model of cell signalling via contact
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inhibition of Collier et al. [4], with the model of cell dynamics of Meineke et al.
[12].
On static tissues, we extended the work of Collier et al. [4] to observe that
both the tissue geometry, and initial Delta-Notch conditions govern the steady
state distribution within the tissue. Specifically, we see that both can disrupt
regular patterning, and even inhibit patterning altogether. We further observed
that the affinity constants, a (affinity for Delta ligands to bind to Notch recep-
tors) and b (affinity for Delta expression) completely govern Notch patterning
on appropriate domains. Through an exploration of the parameter space, we
determined the critical thresholds, acrit and bcrit which permit Notch patterning.
These results suggest that when the Delta-Notch binding event does not occur
readily, then cells do not become differentiated and cell fate selection does not
occur. Similar results occur when Delta ligands are not readily produced.
Moreover, by observing a rotational symmetry of the steady state Notch
patterning, we were able to deduce a reduced system of ordinary differential
equations which is capable of capturing the steady state behaviour of the sys-
tem, while significantly reducing the computational complexity in comparison
to the full multicellular system. We were then able to find an algebraic expres-
sion relating the bifurcation parameters acrit and bcrit.
Lastly, we looked at how cell turnover rate affects Notch patterning within
dynamic tissues. We found that a fast cell turnover rate inhibits Notch pat-
terning, resulting in a homogeneous tissue. For cell turnover rates ranging from
γ = 0.1 divisions per hour, to γ = 2 divisions per hour, the tissue transitions
from being almost fully patterned to a homogeneous tissue, with no distinct
Notch patterning. These results suggest that the cell turnover rate plays a cru-
cial role in maintaining healthy tissues, with higher uncontrolled cell turnover
rates leading to a malignant, unhealthy epithelium.
Future avenues of study include an analysis of how realistic tissue geometries,
such as those of the colonic crypt, behave. Specifically, within the crypts, it is
known that the level of Wnt signalling a cell receives governs cell proliferation
within the crypt [8]. It is further known that Wnt signalling is known to be
greatest at the base of the crypt, and decreases up the crypt axis [8]. One
possible way to model this phenomenon in 2D would be to consider a cylindrical
geometry, with a section near the base which is allowed to proliferate and cell
sloughing near the top, similar to those presented in [13, 19]. This geometry
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could then determine how cell differentiation evolves as cells migrate towards
the top of the crypt There is also a known cross-talk between the Notch and the
Wnt pathways within the cell [9]. Including these dynamics would further allow
us to obtain full, realistic model of cellular signalling. Finally, the above model
naturally resides on a 2D tissue. However, the development and dynamics of
real biological systems is rarely captured with 2D projections, but rather reside
as 2D surfaces in 3D space. Thus the development of a 3D model which is
capable of describing realistic tissue deformations is needed [6].
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Supplementary Information
SI Movie 1. Video of simulation from Figures 2a and 2b, which shows how
homogeneous Notch initial conditions lead to a homogeneous tissue.
SI Movie 1.mp4
SI Movie 2. Video of simulation from Figures 2c and 2d, which shows how a
perturbation away from homogeneous Notch initial conditions lead to a
patterned tissue. This also shows how the patterning radially propagates
from the perturbed cell.
SI Movie 2.mp4
SI Movie 3. Video of simulation from Figures 2e and 2f, which shows random
initial Notch conditions may lead to a patterned tissue.
SI Movie 3.mp4
SI Movie 4. Video of simulation from Figures 2e and 2f, which shows random
initial Notch conditions may lead to only a partially a patterned tissue.
This shows how Notch patterning is sensitive to initial conditions.
SI Movie 4.mp4
SI Movie 5. Video of simulation from Figures 2e and 2f, which shows how
the tissue size effects the final patterned tissue. Here, the tissue size
is not suitable, resulting in a mismatch in patterning as the patterning
propagation meets up with itself, due to periodicity.
SI Movie 5.mp4
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SI Movie 6. Video of simulation from Figures 5a – 5d, which shows a dynamic
tissue evolving over time, with a cell turnover rate of γ = 0.1, from times
t = 0hrs to t = 20hrs. Here, we can see that the tissue reaches mostly
patterned state.
SI Movie 6.mp4
SI Movie 7. Video of simulation from Figures 5f – 5i, which shows a dynamic
tissue evolving over time, with a cell turnover rate of γ = 1, from times
t = 0hrs to t = 20hrs. Here, we can see that the tissue reaches a partially
patterned state, as the cell do not sufficiently inhibit their neighbours.
SI Movie 7.mp4
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